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Abstract
Using the first-order approximating solutions to the Einstein–Maxwell–Klein–Gordon system of equations for a complex
scalar field minimally coupled to a spherically symmetric spacetime, we study the feedback of gravity and electric field on the
charged scalar source. Within a perturbative approach, we compute, in the radiation zone, the transition amplitudes and the
coherent source-field regeneration rate.
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Boson stars, generally seen as gravitationally bound, both globally U(1) and spherically symmetric, compact
equilibrium configurations of cold complex scalar fields, were discovered theoretically, more than 30 years ago, by
Kaup [1] and Ruffini and Bonazzola [2]. Later, a major interest has been focused on macroscopic stable boson stars,
once they arose as promising candidates for non-baryonic dark matter in the universe [3]. Moreover, according to
current observations, it has been suggested that a supermassive boson or soliton star could be at the center of our
galaxy [4]. These assumptions raise the question whether such configurations, if they exist, are dynamically stable
[5] and the settling down of a boson star to a stable state has been investigated via numerical calculations [6].
In our approach, we term by a boson nebula the charged scalar cloud which finds itself in one of the spherically
symmetric positive-frequency modes of radial wave number k, with k2 → 0+, and pulsation ωk =
[
m20 + k2
]1/2
.
Such a configuration is obviously unstable [7] and the instabilities is expected to lead to the formation of a boson
star from an initially smooth state [8]. Not very much is specifically known in this direction [7], although the
reversed stability to instability passage has been extensively investigated [5,6,9]. Analytically, exactly solvable
models for boson stars with large selfinteraction [10] and for boson–fermion stars [11] have been worked out only
in low-dimensional gravity. In four dimensions, the bosonic or the mixed fermion-bosonic fields interacting via
gravity have been investigated mainly by numerical calculations [1–7,9,12]. Nevertheless, using the Newtonian
approximation, the whole analysis gets greatly simplified allowing interesting and inspiring investigations, as, for
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relativistic analytical study of the coupled field equations could be of interest for a better understanding of different
stellar configurations as well as for a numerical-functional combined iterative treatment which describes the
dynamics of charged boson nebulae.
In a previous Letter [8], we have studied the SO(3,1)×U(1)-gauged minimally coupled charged spinless field to
a spherically symmetric spacetime and analytically obtained the first-order approximating solutions to the system
of Klein–Gordon–Maxwell–Einstein equations. These allow us to go further and to study now the feedback of
gravity and electric field on the charged scalar source, computing perturbatively, in the long range approximation,
the correspondingly induced transition amplitudes.
Let us consider a spherically symmetric background described by the metric
(1)ds2 = e2f (dr)2 + r2(dθ2 + sin2 θ dϕ2)− e2h(dt)2,
where f and h are functions of r and t , and define the pseudo-orthonormal tetradic frame {ea}a=1,4 with the
corresponding dual
(2)ω1 = ef dr, ω2 = r dθ, ω3 = r sin θ dϕ, ω4 = eh dt.
The SO(3,1)×U(1)-gauge invariant Lagrangian density
(3)L[g, φ,A] = R
2κ0
−
[
ηabφ¯;aφ;b +m20φ¯φ +
1
4
FabFab
]
leads to the following system of Klein–Gordon–Maxwell–Einstein equations
(4)✷φ −m20φ = 2iqAcφ|c + q2AcAcφ, and its h.c.,
(5)Fab:b =−iqηab
[
φ¯φ;b − φ¯;bφ
]
,
(6)Gab = κ
(
φ¯;aφ;b + φ¯;bφ;a + FacFbc − ηabL
)
,
where (·)|a = ea(·), φ;a = φ|a − iqAaφ and the Maxwell tensor Fab = Ab:a − Aa:b is expressed in terms of the
Levi-Civita covariant derivatives, Aa:b =Aa|b −AcΓ cab.
In [8], we have assumed that the charged scalar field is the main source of both the electromagnetic and
gravitational fields and neglected (at large distances and within the framework of a first-order approximation)
the feedbacks of gravity and electromagnetism. The corresponding equation of motion has simply become the one
of a spherically symmetric state on a Minkowskian background, i.e.,
(7)φ,rr + 2
r
φ,r − φ,tt −m20φ = 0, and its h.c.,
with the positive-frequency mode solutions
(8)φ = N
r
ei(kr−ωkt) ⇒ φ¯ =
N
r
e−i(kr−ωkt),
where ωk = [k2 +m20]1/2. The dimensionless factor N can be semiclassically related, by its squared modulus, to
the Minkowskian (f = 0= h) estimated number
N0 = Q
q
= i4π
R∫
0
[
φ¯φ,t − φ¯,tφ
]
r2 dr
of charged spinless bosons, making up a Minkowskian averaged star of radius R, i.e.,
N0 = 8πm0R|N |2 ⇔ |N | =
[
N0
8πm R
]1/2
,0
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second-order contributions of the charged scalar φ, the Lorentz condition and the Maxwell equations (5) yield the
solution(s)
(9)A1 = qk|N |2, A4 = 2qωk|N |2 ln r
r0
+ 2qk |N |
2
r
t,
where, for now, r0 ∈ R+ is an integration constant, with dimension of length. Nevertheless, it becomes quite
important later on.
In the particular case k = 0, the boson nebula is on the verge of becoming a star, i.e., is just above the
passage to some localized state, because its mode pulsation ω = m0 is located at the accumulation point of
the eigenfrequencies of an excited boson star. The correspondingly linearized Einstein field Eq. (6), concretely
reading [8]
2
r
h,r − 2
r2
f = κ
[ |N |2
r4
− 2q2m20
|N |4
r2
+ 4q2m20
|N |4
r2
ln
r
r0
]
,
h,rr + 1
r
(h,r − f,r )= κ
[
−|N |
2
r4
+ 2q2m20
|N |4
r2
+ 4q2m20
|N |4
r2
ln
r
r0
]
,
(10)2
r
f,r + 2
r2
f = κ
[
2m20
|N |2
r2
+ |N |
2
r4
+ 2q2m20
|N |4
r2
+ 4q2m20
|N |4
r2
ln
r
r0
]
have the asymptotically flat (for a→ 0) solutions
(11)f (r)= C1
r
− b
2r2
+ a ln r
r0
, h(r)=−C1
r
,
with
(12)|N |2 = 1
8πα
, b= κ |N |2 = 1
αM2P
, a =m20b, C1 =
MADM
M2P
,
where α = q2/(4π) is the fine structure constant, MP denotes the Planck mass and
(13)MADM =− 18π
∫
S2∞
∗dK
is the Arnowitz–Desser–Misner mass computed at infinity, using the timelike Killing 1-form field K = −ehω4.
The dimensionfull parameter r0 is a pivot length scale characterizing the nebula radial extension with respect to
the central Coulomb-like singularity in the source field φ(r, t).
These solutions have been used in deriving analytical expressions for total charge, particle number, radius and
mass of the analyzed configuration [8].
Using the proper energy density
T44 = α
−1m20
8πr2
[
3+ 1
r2
+ 2 ln
(
r
r0
)]
and the metric functions (11) where, in the expression of f , the term in a ∼ (m0/MP)2 can be neglected at energy
scales much below the Planck one, the Tolman formula
M= 4π
R∫
0
T44e
f+hr2 dr,
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variables z=m0r , z0 =m0r0)
(14)M= α
−1
2
m0
m0R∫
0
[
1
z2
+ 2 ln
(
z
z0
)
+ 3
]
e
− c
z2 dz, with c= α
−1
2
(
m0
MP
)2
and exhibits an intriguing self-similarity-based resonance which uniquely sets the pivot length scale, the radius of
the becoming star and the maximum mass of the seeds. A complete analysis of this point is too long to be given
here. Nevertheless, we notice that, making the similarity assumption
(15)R =m−10 s, r0 =m−10 · s · e3/2, i.e., R = e−3/2r0
the mass functionM turns into the form
(16)M= α
−1
2
m0
s∫
0
[
1
z2
+ 2 ln
(
z
s
)]
e
− c
z2 dz
and its extremumM(s∗) is located at the solution of the highly transcendental equation
(17)dM
ds
∣∣∣∣
s∗
= 0 ⇐⇒
s∗∫
0
e
− c
z2 dz= 1
2s∗
e
− c
s2∗ .
Fortunately, at scales m0 MP, c→ 0 rapidly and e−c/s2 (for s = 0) does basically equate 1. At s = 0 there is no
singularity—on the contrary, it stands for the trivial solution—and so, the equation turns extremely simple
(18)s∗ = 12s∗ ⇐⇒ 2s
2∗ − 1= 0.
This gets the positive root s∗ =
√
2/2, which clearly fixes the length-scale at r0 ≈ 3.17m−10 and the radius at
R∗ ≈ 0.707m−10 , for the region of the nebula which is going to become a Bose star. A numerical estimation
(nevertheless imprecise because of the exponentially entering coefficient c ∼ 10−36, at m0 ∼ 1 GeV) yields the
maximum massM∗ ∆=M(s∗) of the seeding region somewhere around 10MP, being, somewhat intriguingly, quite
insensitive to the realistic sub-Planckian values of the scalar quanta mass, m0. Also, it can be shown that this
similarity-induced mass-resonance M∗ is indeed a global maximum over the rest of the other formations with
radii R =R∗ ∼m−10 and therefore, just alike the case of Bose stars, it can be identified with MADM.
In the followings, we are going further and analyze the feedback of gravity and electric field, respectively,
expressed by the metric functions (11) and the four-potential (9), on the Klein–Gordon equations (4). Within a
first-order perturbative approach, we write down the wave function describing the charged scalar field as
(19)Φ(r, θ,ϕ, t)= φ(r, t)+ χ(r, θ,ϕ, t),
where |χ |  |φ| and φ is the Minkowskian background solution (8), with |N | = 1/√2q2. Consequently, the
Klein–Gordon equation (4), with k = 0 implying ω=m0, turns into
e
b
r2
− 2C1
r
[
∂2χ
∂r2
+ 2
r
∂χ
∂r
]
+ 1
r2
∆˜χ − e 2C1r ∂
2χ
∂t2
−m20
[
1− ln2
(
r
r0
)]
χ
(20)
=−2C1
r2
e
b
r2
− 2C1
r
∂χ
∂r
− 2im0e
C1
r ln
(
r
r0
)
∂χ
∂t
+ e−im0t
{
m20
(
1− e C1r )√
2qr
−
√
2m20
qr
[
1+ ln
√
r
r0
]
ln
(
r
r0
)}
.
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of Planck distances. Similarly, in what would have been the outer communication region if a collapsed object had
existed at the center, the first term on the r.h.s. is next to leading order beside its analog on the left. Moving the
emphasis on the logarithms, the basic scale becomes r0 ≈ 3m−10 and grouping together the terms in m20 it yields, in
the perturbative upper limit |χφ−1| = 1, that at any distance r , at least few units above 2r0 ≈ 6.3m−10 ≈ 9R∗, the
leading contribution comes solely from the source term −m20φ ln2(r/r0), with φ = (
√
2qr)−1 exp(−im0t). Last,
applying in the radiation zone the long range approximation
(21)e± λC1r ≈ 1± λC1
r
+O
[(
±λC1
r
)n]
n2
, for λ= 1,2,
and trading C1 =M∗/M2P for the more common notation M (appearing in the Schwartzschild metric), the basic
equation (20) gets the much simpler (approximating) expression
(22)✷χ = 2M
r
{
1
r2
∂
∂r
[
r2
∂χ
∂r
]
+ ∂
2χ
∂t2
}
− 2im0 ln
(
r
r0
)
∂χ
∂t
− m
2
0√
2qr
e−im0t ln2
(
r
r0
)
,
where the flat d’Alembertian does obviously read
✷= ∂2
∂r2
+ 2
r
∂
∂r
+ 1
r2
∆˜− ∂
2
∂t2
,
∆˜ being the Laplace–Beltrami operator on S2. Envisaging the standard form
(23)✷χ = V̂ χ +J ,
employed in perturbation theory, the field equation (22) points out the operators
(24)V̂ (r, t)= 2M
r
{
1
r2
∂
∂r
[
r2
∂
∂r
]
+ ∂
2
∂t2
}
− 2im0 ln
(
r
r0
)
∂
∂t
,
(25)J (r, t)=− m
2
0√
2qr
e−im0t ln2
(
r
r0
)
,
describing the (perturbed) effective potential and current. The massless-like 0th order equation
(26)1
r2
∂
∂r
(
r2
∂h
∂r
)
+ 1
r2
∆˜h− ∂
2h
∂t2
= 0
provides the complete orthonormal set of positive-frequency modes (in terms of spherical Hankel functions)
(27)hωlm(r, θ,ϕ, t)= 12√r H
(1)
l+ 12
(ωr)Yml (θ,ϕ)e
−iωt ,
which enables us to compute the first-order transition amplitudes between the initial and final states as:
(28)Aω′l′m′ωlm =
∫
h∗ω′ l′m′(x)
(
V̂ hωlm(x)
)
r2 dr d5dt,
where
(29)V̂ hωlm(x)=−
{
4M
r
[
ω2 − l(l + 1)
2r2
]
+ 2m0ω ln
(
r
r0
)}
hωlm(x),
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AISO(3,1) =−Mω2
r→∞∫
r→0
H
(2)
l+ 12
(
ω′r
)
H
(1)
l+ 12
(ωr) dr = 2γ
π
Mω, for l = 0,1,
(30)AIISO(3,1) =
Ml(l + 1)
2
r→∞∫
r→0
dr
r2
H
(2)
l+ 12
(
ω′r
)
H
(1)
l+ 12
(ωr)= Mω
π
,
and of the electric field potential
(31)AU(1) =−m0ω
r→∞∫
r→0
H
(2)
l+ 12
(
ω′r
)[
r ln
(
r
r0
)]
H
(1)
l+ 12
(ωr) dr =−
[
m0
ω
(
l + 1
2
)]
,
where γ ≈ 0.577216 is the Euler’s constant and the well-known δ-type multiplier 2πδ(ω′ − ω)√ω′ω has been
factored out.
The corresponding transition rate for each of the above amplitudes is respectively given by
d
dt
PISO(3,1) = 2πδ
(
ω′ −ω)(2γ
π
)2(
Mω2
)2
,
d
dt
PIISO(3,1) = 2πδ
(
ω′ −ω)(Mω2
π
)2
,
(32)d
dt
PU(1) = 2πδ
(
ω′ −ω)m20
(
ω′
ω
)2(
l + 1
2
)2
.
Finally, let us turn to the current operator (25) in order to study the possibility of spontaneous creation of charged
bosons in the presence of the electric field potential A4. This process is described by the transition amplitude
(33)AJ =
∫ √
ωh∗ωlm(x)J (r, t)r2 dr d5dt =−2πδ(ω−m0)
√
2πω
m20
2q
∫ √
r H
(2)
1/2(ωr) ln
2
(
r
r0
)
.
Defining z= r/r0 and integrating by parts with a cut-off in z= 1, the previous expression becomes
(34)AJ = 2πδ(ω−m0)
2m20
qω
I,
where the integral
I =
∞∫
1
dz
z
e−iwz ln(z)
=−π
2
24
+ γ
2
2
+ i
2
γπ +
[
γ + iπ
2
+ ln(w)
2
]
ln(w)− w
2
8 3
F4
[
{1,1,1},
{
3
2
,2,2,2
}
,−w
2
4
]
(35)− iw2F3
[{
1
2
,
1
2
}
,
{
3
2
,
3
2
,
3
2
}
,−w
2
4
]
,
with w ≡ ωr0, contains the generalized hypergeometric functions pFq [{a1, . . . , ap}, {b1, . . . , bq}, z] which are
finite for all finite arguments and p  q [14]. In the above calculations we have assumed that ω = 2π/T is the
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(36)lim
T→∞
T∫
0
∫
R+
dt dω
2π
=;states1,
and then,
(37)d
dt
P+(m0;J )= 2πδ(ω−m0)
(2m20
qω
)2
|I|2
does concretely represent the coherent source-field regeneration rate. Using (36), it leads to the expressions
Γ =
∞∫
0
dP+
dt
dω
ω
= 2m0c
2
αh¯
|I|2, τ = Γ −1,
(38)P = 2m
2
0c
4
αh¯
|I|2, where |I|2 = 5.35× 10−3
for the (actual) transition rate, the characteristic time scale and the power involved in this process. At m0 ∼ 1 GeV
level, the “numbers” are: Γ ∼ (2–3) × 1024 s−1, τ ∼ (3–5) × 10−25 s and P ∼ 4 × 1014 W, respectively. The
extremely short time-constant (τ ) seems to confirm the main conclusion drawn in [13] that intense gravitational
bursts are accompanying the boson star formation. Nevertheless, in the case of nebulae, on their way to becoming
stars, the released power (P ) in the initiating phase is 24 orders of magnitude smaller than the one emitted in the
final stage.
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